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Measurements of the flux and redshifts of Type Ia supernovae have provided persuasive evidence
that the expansion of the universe is accelerating. If true, then in the context of standard FRW
cosmology this suggests that the energy density of the universe is dominated by “dark energy” –
a component with negative pressure of magnitude comparable to its energy density. To further
investigate this phenomenon, more extensive surveys of supernovae are being planned. Given the
likely timescales for completion, by the time data from these surveys are available some important
cosmological parameters will be known to high precision from CMB measurements. Here we consider
the impact of that foreknowledge on the design of supernova surveys. In particular we show that,
despite greater opportunities to multiplex, purely from the point of view of statistical errors, a deep
survey may not obviously be better than a shallow one.
I. INTRODUCTION
Over the past few years, measurements of the flux and redshifts of Type Ia supernova have provided increasingly
persuasive evidence that the expansion of the universe is accelerating [1, 2]. The natural inference – that the energy
density of the universe is dominated by some form of vacuum energy – has important consequences for both cosmology
and particle physics. Of particular interest is the exact nature of the “dark energy.” Is it the so-called cosmological
constant, the energy density of the true vacuum state of the universe? Is it predominantly the potential energy density
of a new form of energy often called quintessence? or is it something else entirely? Since these each have dramatic,
and dramatically different, implications for fundamental physics there is a clear need both to raise the confidence level
of the conclusion that the expansion is accelerating, and to better characterize the time history of that expansion so
that the nature of the “dark energy,” in particular its equation of state, can be better understood.
II. CMB AS A PROBE OF COSMOLOGICAL PARAMETERS
The recent expansion history of the universe (after matter-radiation equality) – the evolution of the scale factor a
with time t, or with conformal time η (dt = a(η)dη) – is given by the Friedman equation:
da
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The evolution of the expansion is therefore characterized by Ωo, the current ratio of the matter energy density to the
critical energy density, Ωc, the current ratio of the curvature “energy density” to the critical energy density, Ho, the
current value of the Hubble parameter, and w the equation of state parameter for the dark energy. (pdark = wρdark.)
Great success has already been achieved in determining some of these parameters by a number of techniques,
and even greater precision is likely in the near future. We will focus in particular on measurements of temperature
anisotropies in the cosmic microwave background radiation (CMB). The positions of the acoustic peaks in the angular
power spectrum of the CMB depend on ηls (the conformal lookback time to the last-scattering surface) and on the
geometry of the universe, parametrized by Ωc. The shapes of the peaks depend sensitively on Ωoh
2
o. Current data
on the first three peaks [3, 4, 5] already argue strongly for a flat (or nearly flat) universe (Ωcurvature ≃ 0). With
anticipated data from the MAP satellite (and elsewhere) the shape of the spectrum should also be well measured.
Thus the positions and shapes of the first peaks in the CMB spectrum will soon be used to confine models of the
dark energy to a one-dimensional surface parametrized by w [6]. Extracting w from CMBR measurements is far more
difficult – the value of w has too little effect on the power spectrum of the anisotropies.
2III. SUPERNOVAE AS STANDARD CANDLES
While the absolute luminosity of supernovae is not known, properly calibrated Type Ia supernovae seem to be
excellent standard candles [1, 2]. Measurements of the flux and redshift from a distant supernova when compared
to measurements of similar supernovae at low redshift (zlow ≪ 1) measures the square of the ratio of the luminosity
distances dL = η(1 + z) as a function of z:
F (z, w)
F (zlow, w)
=
[
η(z)(1 + z)
η(zlow)(1 + zlow)
]
−2
(2)
It has already been possible, by measuring η(z) from the ground for a reasonable sample of supernovae, to argue
convincingly that w < 0 for a significant fraction of the energy density of the universe [1, 2].
IV. OPTIMUM SURVEY STRATEGIES FOR MEASURING w
Accepting the desirability of improving the determination of w (and perhaps more generally w(z)), and working
with the assumption that Type Ia supernovae remain the best existing standard candles, one can still ask what is the
optimum possible survey strategy? The answer depends very much on the precise goals of the survey [7]. One option
is to seek independent confirmation of the pre-existing determinations of ΩH2o and Ωc while simultaneously measuring
w and possibly its derivatives. Alternatively, one could accept the pre-existing measurements of ΩH2o and Ωc and
confine one’s time and attention to the best possible measurement of w itself. Admittedly, there are clear benefits
to independent measurements of cosmological parameters. Nevertheless, we would argue that the uncertainty in the
theoretical models of supernovae, coupled with likely observational uncertainties make future supernova surveys less
powerful as opportunities for independent checks on existing and near-term CMB-based determinations of parameters
than they are as opportunities to break parameter degeneracies that the CMBR measurements cannot or cannot easily
break and thus determine quantities like w.
The implications of this choice of survey strategies may be significant. From a purely statistical viewpoint, a
supernova survey designed to measure ΩH2o , Ωc and w will necessarily extend to higher z, because it must measure
the expansion history over a wide range of z in order to make independent determinations of all three parameters
characterizing the evolution of the scale factor. However, except to address issues of systematic effects, a survey
designed to measure w only, may not need to extend to such a high redshift, since it seeks to measure only one
parameter. We shall therefore pursue this option further.
Assuming perfect knowledge of the CMBR, we can fix the value of ΩoH
2
0 and Ωc, and of the function Ω(w). The
former two are obtained from a direct fit to the CMB angular power spectrum, while Ω(w) is obtained as follows. For
the purposes of illustration, we shall take Ωc = 0. The conformal distance to the surface of last scatter is then
ηls ≃ 1√
ΩoH2o
∫ 1
0
dx√
x+ 1−ΩoΩo x
1−3w
, (3)
(where we have taken als ≃ 0). Fixing ηls, this can be solved numerically for Ωo(w); however, a linear fit can be
obtained in the neighborhood of any w as follows. Differentiating with respect to Ωo, holding ΩoH
2
o and w fixed,
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Similarly, differentiating with respect to w, holding ΩoH
2
o and Ωo fixed,
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Evaluating the ratio of these quantities at, for example, Ωo = 0.3, w = −1, we find
Ωo(w) ≃ 0.3 + 0.274(w + 1) . (6)
3Now, given measurements of the flux ratio F (z, w)/F (zlow, w) between distant supernovae and a sample of low redshift
supernova, we can determine w. The uncertainty in the determination of w from one measurement of F (z)/F (zlow) is
σw =
[
d ln(F/Flow)
dw
]
−1
ΩoH2o ,Ω(w)
σ(F/Flow)
F/Flow
(7)
Using the relationship (2), and assuming that any variance is dominated by the uncertainty in the flux determination
(i.e. the uncertainty in the redshift is negligible), we can relate σw to η. For each measurement
σw =
1
2
σ(F/Flow)/ (F/Flow)∣∣∣∂ ln η∂w − ∂ ln ηlow∂w ∣∣∣ . (8)
For a survey with a fixed observing time, σw is reduced by the square root of the number of supernovae NSN which
can be probed, so that
σ(survey)w =
σ(F/Flow)/ (F/Flow)∣∣∣∂ ln η∂w − ∂ ln ηlow∂w ∣∣∣ .
1√
NSN
. (9)
Here we begin to see the impact of alternative observing strategies. For a simple survey with a simple instrument,
the number of supernovae which one can observe at a given redshift will be proportional simply to the ratio of the
flux of a supernova at the redshift to a fixed threshold flux – NSN ∝ F/Fthresh. However, it is possible to improve on
this strategy, especially at high redshifts, by increasing the field of view of the survey instrument, monitoring more
than one galaxy at a time for supernovae, and possibly following up with spectra in a fully multi-plexed program. In
this case the number of supernova discovered will scale as
NSN ∝ F η2∆η ∝ (1 + z)−2 . (10)
We have taken ∆η – the range in conformal depth of the survey – to be a constant. Other assumptions are possible.
While they change the detailed dependence of the statistical errors on redshift, they do not change the qualitative
behavior.
For a fully multiplexed survey
σ(survey)w ∝
σ(F/Flow)/(F/Flow)∣∣∣∂ ln η∂w − ∂ ln ηlow∂w ∣∣∣ΩoH2o ,Ω(w)
(1 + z) . (11)
Now, in the neighborhood of w = −1,
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These integrals can be evaluated numerically without difficulty, allowing us to calculate σ
(survey)
w as a function of
the redshift of the observations for a variety of w’s (cf. Fig. 1). The principal point of interest is that while
σ
(survey)
w has a minimum at z ≃ 1 (somewhat lower for w < −1, somewhat higher for w > −1), this
minimum is exceedingly shallow, so that the value of σw at z = 0.3 is less than twice the minimum
value. Moreover, our calculations involved the supernova discovery rate. However, it is in fact the
follow up spectroscopy which is more demanding of telescope time; this scales as a higher power of
redshift (approximately (1 + z)6 according to some experts). This shifts the minimum down further in
z. These results are relatively insensitive to the value of w, and to reasonable values of zlow.
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FIG. 1: The statistical error, σ, in the determination of w from a survey of fixed duration conducted in a narrow range of redshifts
around some redshift z, plotted as a function of that redshift. The plots are in arbitrary units for w = −1, and zlow = 0.1. The
left hand plot is for “discovery mode”(N ∝ (1 + z)−2); the right hand plot is for “follow up mode”(N ∝ (1 + z)−6). In each,
curves are for w = −1.3 (top), w = −1 (middle) and w = −0.6 (bottom).
We have thus shown that, from a statistical point of view, there is not the strong preference one might have
suspected to measure w at high redshift – intermediate redshifts (z = 0.3 − 0.5) are nearly as good for discovering
supernovae, and at least as good for carefully studying them. The length of time that one must integrate on individual
distant supernovae offsets the benefits one might get from the greater individual utility of these supernova and the
larger accessible number of such supernova. The details of the survey statistics will no doubt change as one designs
a more realistic survey, but the broad conclusion will not – for measuring w with supernova, statistics are as good
or better at low z than at high z. The low z surveys offer the advantage of smaller K corrections and the ability to
study the host galaxy properties in detail with a wide array of ground based telescopes. For the low z surveys to
be competitive with the high z surveys, they require even more exquisite control of systematic photometric errors.
Ultimately, detailed trade studies are needed to determine the best strategy for determining the properties of the dark
energy. These studies should include our growing knowledge about the geometry and composition of the universe in
their analyses.
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